The renormalization group equations of quantum electrodynamics are discussed. The solution of the Gell-Mann-Low equation is presented in a convenient form. The interrelation bel ween the Nishijima-Tomozawa equation and the Gell-l\1ann-Low equation is clariuecl. The reciprocal e!Tective charge, so to speak, turns out to play an important role to discuss renormalization group equations. Arguments are given that the reciprocal effective charge vani:;hes as the renormalization momentum tends to infinity. § l. Introduction Under the name of the renormalization group equation, we now have various types of equations. They were invented by Gell-Mann and Low,n by Callan,") by Symanzik, 3 J by Wcinberg, 1 l by 't Hooft, 51 by McDowell 0 J and by Nishijima and Tomozawa.n The interrelations among the last five approaches have been discussed by several authors. 11 ' 71 ' 81 ' 91 The relation of the Gell-Mann-Low equation to the other ones has been clarified only for deep Euclidean regions of momenta. 10 J In this paper, we investigate the relation of Gell-Mann-Low equation to Nishijima-Tomozawa equation for general values of external momenta. We concentrate on the renonnalization group equation for the photon propagator because it is the most fundamental quantity in quantum electrodynamics. In § 2, we present the solution of the Gell-Mann-Low equation 111 a convenient form. In § 3, we shovv that the Nishijima-Tomozawa and the Gell-Mann-Low equations can be transformed into each other by simple transformations of variables. The generating function introduced by Nishijima and Tomozawa turns out to be essentially the same quantity as the invariant charge function introduced by Cell-Mann and Low. As applications of the results of § § 2 and 3, we investigate the asymptotic behaviours of relevant functions in § § 4 and 5. The final section 1s devoted to sumn:tary. § 2. The solution of the Gell-l'Vlann-Low equation VVe study the Gell-l\1ann-Low equation of QED in the Landau gauge. A quantity of fundamental importance in QED is the renormalizecl photon propagator ])~"(!::) normalized at k'=O. The invariant charge d(h"/m', , e') is defined by Downloaded from https://academic.oup.com
and satisfy
The function g (r;, () given by (2 ·11) is convenient for later discussions and we call it the reciprocal effective charge. We emphasize that the simple expression (2 ·11) for g (r;, () stems from the choice (2 · 6) for f(r;, (). We now have*)
Thus we have maintained the algorism to obtain d (~, r;, () from II, (r;, (). We and take the Ward-Takahashi identity into account, we are led to a set of inhomogeneous differential equations j=O, 1, 2, 3, ···, 
The sol u'cion of (3 · 4) is given by'J 
For a g1ven set of (p, K, (), we define t, r; and (' by Up to this point, m should be identified with the physical mass. It deviates from the physical mass hereafter for K~O. Sec the discussion below (:3: 19). 
where g (IJ, () is the reciprocal effective charge defined by (2 ·11). Then we have from (3 ·1:3) ~ (3 ·16) and (2 · 2) tlwt Then (3 ·17) can be rewritten as
The relation (3 ·17) ~ (3 ·19) can also be understood 111 the following way. By a sequence of transformations of variable (m, K, e)~ (p=k"/m 2 , K,
On the other hand, if we put rJ = 0 in (2 · 2) and take derivatives 111 ?] and (, we obtain 
where F (x) is an arbitrary function.
We may ask the following question: Do we obtain a solution like (4·3)
if we first solve (2·2) and subsequently n'laketheassump tion (4·1)? This question will not be trivial in general. As we shall see below, the answer to this question is 'yes', justifying usual procedures.
The solution of (2 · 2) is given by (2 · 9) and (2 ·14) for the input II c. Imposing (4·1) on (2·9) and (2·14), we find after some manipulations (see the Appendix) that We have thus obtained the same result as ( 4 · 3). Although the above explanation
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of the interchangeability of solving (2 · 2) and taking asymptotic limits was rather awkward, we could obtain ( 4 · 5) rv ( 4 · 8) in addition to ( 4 · 9) . We note that the asymptotic limits of g (r;, () and d (~, 0, () are described in terms of G and F, while that of d (~, r;, () is determined only through F. *l In the next section, the function G will be related to P of (3 · 8). § 5. Asymptotic behaviours of d (~, 'fJ, ~), g ('fJ, ~) and r (p, K, ~) To discuss (2 · 2), one usually adopts the assumption ( 4 ·1). To discuss the Callan-Symanzik equations (3 · 2), one conventionally assumes that (5·1) Both of assumptions (4·1) and (5·1) can be partially justified by Weinberg's theorem on the asymptotic behaviours of Feynman integrals. Recalling the definition (3 · 3) of r (p, K, (), we are led to the assumption
which is somewhat stronger than (5 ·1). Since we now know the relation of d (~, r;, () to r (p, K, (), we can study the implications of coupled applications of assumptions ( 4 ·1) and (5 · 2).
For detailed discussions of d (~, r;, () and r (p, K, (), we need to know the structure of functions P (() and Q (() in (3 · 8) and (3 · 9). To lower orders of perturbation calculations, they are given byn 
where dots denote terms which vanish as ( tends to zero. Now we consider unconventional sets of equations and asymptotic assumptions. With the help of (3·17)rv(3·19), we can impose (5·2) on d(~,r;,(). We have d(~,r;,()~d(p,O,(),
where p should be given by (3 ·18 ). Noting that r; appears only through poc~exp [2P (g (r;, ())] on the r.h.s. of (5 · 5), we obtain The result (5 · 6) is concerned with the transformation of the first nne! the second variables of d (;:, ·r;, () w bile (2 · 2) with the second and the third ones. If we further impose (4·1) on (5·5), we have with l I (5 ·7) Since the r.h.s. of (5 · 7) should be also a function of ~/7J and (, P and g have to satisfy P(g(7J,())~-+ln(-·r;)+K (()+···, -7J:?>1, (5 ·8) where clots represent terms which are negligible for -"f}y1 and K(() is a function determined below. Comparing (5 · 8) with ( 4 · 8), we obtain and and hence we have
If we assume that g (IJ, () is non-negative and small for large negative lj, we have, from (5 · 3), (5 · 8) and (5 · 10), the following equation to fix g ( 7j, (): The situation for the reciprocal effective charge g("f}, () with -7))>1 is much alike those for effective charges in asymptotically free field theories.
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Now that we can surmise g (r;, () to be small for large negative r;, we expect that IIc(t;,g(r;,()), (-r;y1, t;; fixed) can be well approximated by the lowest order perturbation calculation in g (r;, (). Thus, from (2 · 9) and (5 ·13), we have We have given the method to construct the invariFmt charge function d (t;, r;, () from the input function Ifc (r;, (). The algorism is given by (2 · 9) and (2 -14) . We have shown that the generating function T (p, K, () can be simply related to d (t;, r;, () by (3 ·17) r v (3 ·19). We have observed that the conventional procedure to explore the asymptotic limit of d (t;, r;, () can be justified. With the aid of the correspondences (3 ·17) ~ (3 ·19) and assumptions ( 4 ·1) and (5 · 2), we have obtained asymptotic behaviours such as ( 4 · 9), (5 ·11), (5 -19) and (5 · 20) .
We have realized that the reciprocal effective charge g (r;, () is a useful quantity which vanishes asymptotically. We have also obtained a relation (5 · 6) which should be contrasted with (2 · 2).
